Measure of similarity of amino acids or how to obtain the genetic code table from “nothing”  by Klimov, G.P. & Marshall, G.R.
Pergamon 
Computers Math. Applic. Vol. 31, No. 8, pp. 13-21, 1996 
Copyright©1996 Elsevier Science Ltd 
Printed in Great Britain. All rights reserved 
0898-1221/96 $15.00 + 0.00 
S0898-1221 (96)00026.0 
Measure  of S imi lar i ty  of Amino  Ac ids  or 
How to Obta in  
the Genet ic  Code Table from "Noth ing"  
G. P. KLIMOV 
BioMath Design Co. 
P.O. Box 28565, St. Louis, MO 63146-1065, U.S.A. 
G. R. MARSHALL 
Center for Molecular Design, Washington University in St. Louis 
Campus Box 1099, One Brookings Drive, St. Louis, MO 63130-4899, U.S.A. 
(Received September 1995; accepted November 1995) 
Abst ract - -Nature  selects the genetic ode table to have a minimum risk caused by a point muta- 
tion (a misprint in a text of nucleotide sequence). The purpose of this paper is to accurately formulate 
and verify this hypothesis, The "nothing" is 
(1) the code table is a map: codon -* amino acid; 
(2) the structure of amino acids in 3D-space is known. 
Key ' ,vords- -S imi lar i ty  of amino acids, Genetic code table, Codon, Coding stability, Distance 
between sets, Information. 
1. MAIN IDEA OR RELATION BETWEEN THE GENETIC 
CODE TABLE AND SIMILARITY (OF PHYSICOCHEMICAL 
PROPERTIES)  OF THE AMINO ACIDS 
CODE. Let 
be the set of nucleotides, 
N = (A,C,G,U) 
AA = (A la , . . . ,  Val, End) 
be the set of 20 amino acids and a specific element End (for in i t ia t ion/ interrupt ion f amino acid 
sequence). Any function f : N 3 --* AA from N 3 onto AA is called code. Put  F = {f} is the 
family of all codes. 
RISK. r (a , /3)  is a (measure of) divergence (of physicochemical propert ies) of amino acids a and f~ 
or a risk due to a subst i tut ion c~ --~/3 (general ly r (a, /3)  ~ r(f~, c~)). 
MEAN RISK. I(r, f )  is a mean risk (divergence) evaluated on the basis of the code f and the 
risk matr ix  R = {r(c~,/3)} (due to a point  mutat ion (misprint in a text  of nucleotide sequence)). 
HYPOTHESIS. The natural code f* (code table) is determined by the following. 
1.1. I(r, f*) -- min/~F I(r, f). 
1.2. Coding stability should be minimal. 
1.3. Bases are ordered according to the increase in the numbers R1, R2, R3 where Ri is the 
mean risk caused by a point mutation at position other than i th . 
Typeset by ~4j~S-'I~X 
13 
14 G.P .  KLIMOV AND G. R. MARSHALL 
MAIN RESULT. 
code table. 
REMARK 1.1. 
REMARK 1.2. 
The natural code table f* is determined uniquely and coincides with the genetic 
We need to explain a risk, a mean risk, a coding stability, and R~. 
Let F1 C F be the family of codes f l  E F such that 
I (r, f l )  = mini(r, f). 
The family F1 may be characterized as follows. For every code f E F, we define a code 
similarity between elements a and 13 from AA as a number of pairs (a, b) of codons a and b such 
that 
(1) codons a and b differ in a single nucleotide; 
(2) f(a) = a, f(b) = 13 (i.e., the codon a codes the amino acid a and the codon b codes the 
amino acid 13). 
This number of such pairs (a, b) is denoted by 
cosim ( a, 13 / f ) . 
The requirement 1.1 determines a code similarity matrix 
{cosim(a, 13) : a, 13 E AA} 
that 
f E F1 ¢* eosim (a, 13/f) = cosim(afl) Va, 13 E AA. 
This matrix is represented in Table 3. Now let F2 C F1 be a family of codes which satisfy the 
requirement 1.2. It turns out that any two codes from F2 differ only by a permutation of bases. 
In particular, #F2 = 6. Finally, the requirement 1.3 orders the bases. 
2. DIVERGENCE BETWEEN AMINO ACIDS 
Let A = {a = (x,a)} and B = {b = (y, 13)} be two amino acids; x and a are a location and a 
mark (H, O, C, N, S, or P) of an atom; y and a mean the same objects. 
dist(a, b) = dist(x, y) + dist(a, 13), 
e.g., dist(a,/3) = const. ~aZ, 5~Z = 0 if a =/3 or 1 if a #/3. 
d(a, b) = min d(a, b); 
bEB 
d(A, B) = E d(A, B); 
aEA 
1 
dist(A, B) - ]A I + IB lId(A, B) + D(B, A)] with IAI = #A; 
div(A, B) = min dist(RA + s, B) = div(B, A) where 
R,S 
Ra + s-- {(Rx + s,a) l (x,a ) E A}, 
R is a rotation matrix, s is a shift. 
REMARK 2.1. 
dist(A, B) = IAI + IBI ~_. d(a, B) + 
aEA 
d(A,B) = 0 if A c B; 
d(A,B)= E d(a,B); 
aEA\AB 
( 2IABI ) "diam(AUB)" dist(A, B) _< 1 IA ]+ IB  I 
IAI + IBI 
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REMARK 2.2. Using the TRIPOS data about 3D-structure of amino acids and the introduced 
notion of divergence div(c~, fl) between amino acids a and fl, we can calculate the risk matrix 
R = {div(c~, fl)}; see Table 1. More clearly, the matrix is represented in Figure 1. 
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Figure 1. Grouping of the amino acids according to the introduced measure of 
divergence between the amino acids. 
REMARK 2.3. As a divergence between End E N and an amino acid, we take the mean divergence 
between the amino acids or 
1 
div(oq End) = ~ E div(a, fl). 
End~flEAA 
Just this definition of div(a, End) is reflected in Table 1. 
3.  MEAN R ISK  
I(r, f )  = M r( f (~),  f(rl)), 
where the random codons ~ and r/differ in a single nucleotide and the random variable (G q) is 
uniformly distributed. Formally we have 
s(~, :) = ~ P:(~, o). ~(~, ~) 
a,flE AA 
with 
#{:,n x s-In)} 
P:(a,/~) = #A ' 
f - l~  = {codon I f(codon ) = a}, 
A = {(a,b) E Y 3 × Y 3 [p(a,b) = 1}, ~/k=32.43  =576,  
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i ,  --~ 
Q) 
c~l ~ cq c-1 ~ c~ ~l  ~ E. ~ 
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where 
for any two codons 
p(a,b) : E (1 -  fad,b,) 
i 
a= (al,a2,a 3) and b= (bl,b2, b3), 
(e.g., p(a, b) := 1 if the codons a and b differ in a single nucleotide). 
REMARK 3.1. For the genetic ode table, the distribution 
P/.(o~,~), c~,13 e AA, 
is determined by Table 2a or Table 2b and represented in Table 3. 
Table 2a. The genetic ode table: codon -~ aa .  
Second base 
First 
Base 
Phe 
U 
Leu 
Leu 
C 
Leu 
Ile 
A 
Ile 
Val 
G 
Val 
U 
Phe 
Leu 
Leu 
Leu 
Ile 
Met 
Val 
Val 
C 
Set Ser 
Ser Ser 
Pro Pro 
Pro Pro 
Thr Thr 
Thr Thr 
Ala Ala 
Ala Ala 
A 
Tyr Tyr 
End End 
His His 
Gln Gin 
Asn Asn 
Lys Lys 
Asp Asp 
Glu Glu 
G 
Cys Cys 
End Trp 
Arg Arg 
Arg Arg 
Ser Ser 
Arg Arg 
Gly Gly 
Gly Gly 
Third base 
U C 
A G 
First 
Base 
Second base 
U C A G 
Phe Tyr Cys 
U Set I 
Leu End End I Trp 
His 
C Leu Pro Arg 
Gln 
Ile Asn Ser 
A Thr 
Lys Arg Met 
Asp 
G Val Ala Gly 
Clu 
Third base 
U C 
A G 
4.  CODING STABIL ITY  
By definition, the coding stability is a conditional probability that the two codons are adjoining 
if they axe equivalent. Here, the equivalence of two codons means that they code (according to 
the code f*) the same amino acid; two codons are adjoining if they differ in a single nucleotide. 
REMARK 4.1. We shall obtain the same result (i.e., the code table f* is determined uniquely 
and coincides with the genetic code table) if 1.2 is replaced by 
1.2a. The mean radius of a set of equivalent codons should be minimal. 
18 G.P. KLIMOV AND G. R. MARSHALL 
Table 2b. 
AA 
Ala 
Glu 
Gln 
Asp 
i sn  
Leu 
Gly 
Lys 
Ser 
Val 
Arg 
Thr 
Pro 
Ile 
Met 
Phe 
Tyr 
Cys 
Trp 
His 
End 
The genetic code table: aa  - - .*  codons. 
# 
codons 
codons 
GC* 4 
GA(G,A) 2 
CA(G,A) 2 
GA(U,C) 2 
AA(U,C) 2 
CU* + UU(A,G) 6 
GG* 4 
AA(A,G) 2 
UC* + AG(U,C) 6 
GU* 4 
CG* + AG(A,G) 6 
AC* 4 
CC* 4 
AU(U,C,A) 3 
AUG 1 
UU(U,C) 2 
UA(U,C) 2 
UG(U,C) 2 
UGG 1 
CA(U,C) 2 
UGA + UA(A,G) 3 
Here 
• the radius of a set E of some codons is 
radius(E) = min max p(a, b); 
aEE bEE 
the mean radius of a set of equivalent codons is 
#f- la .  radius ( f - la )  My radius = E 6~ 
o~EAA 
We have 
min Mf radius = 0.969. 
IEF1 
5. MEAN R ISK  CAUSED BY  A POINT  MUTATION 
Finally we have yet to accurately define R1, R2, R3 where Ri is the mean risk caused by a point 
mutation at position other than ith. Formally 
Ri(f) = M {r(f(~), f(7)) I P(~,7) = 1,~1 = 71}, 
where 
= (~1 ~2 ~3) ?7 ----- (71, 72, 73) 6 N 3 
and the random variables ~1,~2,~3,71 ,72 ,73  are independent and each one is uniformely dis- 
tributed on N. The same way, we define R2(f) and R2(f) if the condition ~1 = 71 is replaced 
by ~2 = 72 or ~3 = 73 accordingly. The formula (to calculate RI(f)) has a form 
1 
Rl( f )  = 4 .4 .4 .3 .2  E [r(f(i,j,u),f(i,j,v)) +r(f(i,u,j),f(i,v,j))]. 
i,j,u,vEN, 
u#v 
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The formulas to calculate R2(f) and R3(f) are written in the same way. The numbers Rl(f) ,  
R2(f), R3(f) (ordered according to its increasing) are 
10.77, 15.34, 15.98 
for any f E F2. Choose f* E F~ so that 
R1 (f*) -- 10.77, 
R2 ( /* )  = 15.34, 
R3 (f*)  = 15.98. 
In this case, the code f* coincides with the genetic ode table. 
Table 4. Joint distribution of amino acid and codon base. 
AA 
Ala 
Glu 
Gln 
Asp 
Asn 
Leu 
Gly 
Lys 
Ser 
Val 
Arg 
Thr  
Pro 
Ile 
Met 
Phe 
Tyr 
Cys 
Trp 
His 2 
End 3 
Total 16 16 16 16 
Info 
(aa /base)  
First base Second base Third base [ 
A C G U t * * * * t • • • • t 
• • * • o A C G U o * * * * o 
• • • • t • • • • t A C G U t AA  
4 4 4 4 1 1 1 1 4 Ala 
2 2 2 2 1 1 2 Glu 
2 2 2 2 1 1 2 Gln 
2 2 2 2 1 1 2 Asp 
2 2 2 2 1 1 2 Asn 
4 2 6 6 6 2 1 2 1 6 Leu 
4 4 4 4 1 1 1 1 4 Gly 
2 2 2 2 1 1 2 Lys 
2 4 6 4 2 6 1 2 1 2 6 Ser 
4 4 4 4 1 1 1 1 4 Val 
2 4 6 6 6 2 1 2 1 6 A~ 
4 4 4 4 1 1 1 1 4 Thr  
4 4 4 4 1 1 1 1 4 Pro 
3 3 3 3 1 1 1 3 Ile 
1 1 1 1 1 1 M~ 
2 2 2 2 1 1 2 Phe 
2 2 2 2 1 1 2 Tyr 
2 2 2 2 1 1 2 Cys 
1 1 1 1 1 1 ~p 
2 2 2 1 1 2 His 
3 2 1 3 2 1 3 End 
64 16 16 16 16 64 16 16 16 16 64 
1.21 (43%) 1.30 (46%) 0.30 (11%) 
6. D ISCUSSION 
Section 6.1. 
The solution of the main problem (see the hypotheses 1.1-1.3) takes (using PC 486 DX, 66 mhz) 
about 7 hours for given risk matrix R = {r(a,/3)}. 
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Sect ion 6.2. 
To order the bases (see hypothesis 1.3), we used other criteria but without success. One of them 
is an information about an amino acid carried by a given base. If we use standard mathematical 
concept of an entropy and an information, we have 
Info (aa/base) = ~ Pij log Pit 
iEAA,jEN Piqj 
with 
#(i , j )  . 
pi = F_,piJ, qt =  pij, pit = 64 ' j i 
#( i ,  j )  is the (i, j)-element of the rectangle (21,4)-matrix corresponding to a given base 1, 2, or 3; 
see Table 4. Here (Pit} means a joint distribution of amino acid and nucleotide corresponding to 
a given base. We see that this criterion does not order the bases because second base carries the 
maximal information about amino acids. 
